We study solutions and supersolutions of homogeneous and nonhomogeneous A-harmonic equations with nonstandard growth in R n . Various Liouville-type theorems and nonexistence results are proved. The discussion is illustrated by a number of examples.
Introduction
The purpose of this paper is to investigate Liouville theorems in the setting of quasilinear equations of the following type:
−divA(x, u, ∇u) = B(x, u, ∇u),
where A and B are differential operators with nonstandard growth. The prototype of such equations is the so-called p(·)-Laplacian −div |∇u| p(·)−2 ∇u = 0.
Variable exponent equations grow largely from the studies in calculus of variations and applied sciences, such as fluid dynamics, see Diening-Růžička [10] , electro-rheological fluids, see e.g. Acerbi-Mingione [1] , image processing, see Chen-Levine-Rao [8] and models for thermistor, see Zhikov [26] ; see also Harjulehto-Hästö-Lê-Nuortio [14] for a recent survey and further references and Růžička [23] for more details on the role of nonhomogeneous p(·)-harmonic equations in applications.
In spite of the symbolic similarity to the constant exponent p-harmonic equations, a number of phenomena occur when the exponent is a function, for example the minimum of the p(·)-Dirichlet energy may not exist even in the one-dimensional case for a smooth function p. Moreover, smooth functions need not to be dense in the corresponding variable exponent Sobolev spaces, on the contrary to the constant exponent case. In the context of the main theme of our work, Example 1 below shows that even in the relatively simple case of p(·)-harmonic functions on the real line, the Liouville theorem need not hold in general.
In Preliminaries we recall and introduce some basic notions and definitions. Then, in Section 3 we prove various Liouville type theorems for homogeneous A-harmonic equations. Our proofs rely largely on Caccioppolitype inequalities and on the choice of appropriate test functions. However, the studies in variable exponent setting lead to a number of difficulties, such as lack of simple relations between the norm and modular function, non-homogeneous Poincaré inequalities for modular functions and non-homogeneous Harnack inequalities for equations of p(·)-harmonic type. In a consequence, one needs to require stronger assumptions on variable exponents comparing to the constant exponent case and appeal to some trick-arguments, for instance the hole-filling technique. Nevertheless, results of Theorems 4, 5 and Corollary 1 partially generalize Theorem 2 and Corollary 2 in Mitidieri-Pokhozaev [20] obtained for A-harmonic operators with constant growth. One of advantages of our approach is that we need growth conditions on exponent functions only on annuli. In Section 3 we also comment on connections between Liouville theorems and Phragmén-Lindelöf theorems and state two open problems.
Section 4 is devoted to studying the non-homogeneous (A, B)-harmonic equations. In Theorem 9 we show the Liouville-type result for general type of operators B. In subsequent results we study two cases of B: depending only on supersolution u and Riccati-type inequalities with B depending on |∇u| only. Moreover, we show some nonexistence results depending on monotonicity and convexity properties of operators B.
Our results are natural extensions of Liouville theorems for A-harmonic equations with constant growth, see e.g. Caristi-Mitidieri [7] and Mitidieri-Pokhozaev [20] . For some further results in the topic of Liouville theorems we also refer to D'Ambrosio [3] , D'Ambrosio-Mitidieri [4, 5, 6 ], Filippucci [13] and Serrin [24] .
We would like to emphasize that, according to our best knowledge, the Liouville-type theorems in the setting of equations with nonstandard growth have not yet been studied systematically in the literature. In fact, it appears that there exists only one paper about the Liouville theorem in the context of variable exponent, see Wang [25] ; see also Pucci-Zhang [22] and Dinu [11] for related topics. We hope that our results will attract wider audience and lead to deeper studies of Liouville type theorems and nonexistence results for PDEs with nonstandard growth.
Preliminaries
We let denote B(x, r) = {y ∈ R n : |x − y| < r} a ball centered at a point x with radius r > 0. In what follows we will often write B(x, r) = B r . Let dx denote the n-dimensional Lebesgue measure on R n and let ω(n) stand for the measure of a unit ball in R n . If Ω ⊂ R n is open and 1 ≤ q < ∞, then by W 1,q (Ω), W 1,q 0 (Ω) we denote the standard Sobolev space and the Sobolev space of functions with zero boundary values, respectively. By f A we denote the integral average of a function f over a set A, that is
We now turn to a brief presentation of variable exponent theory. For background on variable exponent function spaces we refer to the monograph by Diening-Harjulehto-Hästö-Růžička [9] . 
The function α defined in a bounded domain Ω is said to be log-Hölder continuous if there is constant L > 0 such that
for all x, y ∈ Ω. We denote p ∈ P log (Ω) if 1/p is log-Hölder continuous; the smallest constant for which 1 p is log-Hölder continuous is denoted by c log (p).
In this paper we study only bounded log-Hölder continuous or bounded Lipschitz continuous variable exponents, i.e. we assume that p ∈ P log (Ω) and 
here we use the convention t ∞ = ∞χ (1,∞] (t) in order to get a left-continuous modular, see [9, Chapter 2] for details. The variable exponent Lebesgue space L p(·) (Ω) consists of all measurable functions u : Ω → R for which the modular ̺ L p(·) (Ω) (u/µ) is finite for some µ > 0. The Luxemburg norm on this space is defined as 
The variable exponent Hölder inequality takes the form
The variable exponent Sobolev space
In general, smooth functions are not dense in the variable exponent Sobolev space, see Zhikov [27] but the log-Hölder condition suffices to guarantee that they are, see (Ω), as the closure of
Below we will also frequently use the (1, q)-Poincaré inequality for a constant 1 < q < ∞:
where v Br denotes the mean value of v over the ball B r and C depends on n and q. The main focus of our studies will be various types of A-and (A, B)-harmonic equations with nonstandard growth. The prototypical A-harmonic equation with nonstandard growth is the so-called p(·)-harmonic equation.
Similarly, we say that u is a supersolution (p(·)-supersolution) if −u is a subsolution. A function which is both a subsolution and a supersolution is called a (weak) solution to the p(·)-harmonic equation. A continuous weak solution is called a p(·)-harmonic function.
Recall that a function f : Ω × R × R n → R is called a Carathéodory function if it is measurable of the first argument and continuous in the latter two arguments. 
, where a : Ω → R is a measurable function bounded from below by a − > 0.
, where b : Ω → R is a measurable function such that a ≤ b in Ω and bounded from above by b + < ∞.
The most important example of function A with nonstandard growth is A = |ξ| p(x)−2 ξ and the associated p(·)-harmonic differential operator and equation. If p = const, then we retrieve the well-known A-harmonic operator, see e.g. Heinonen-Kilpeläinen-Martio [16, Chapter 3] . Note however, that here we do not require monotonicity of the operator A. Moreover, the standard for constant exponent homogeneity assumption on A would not make too much sense in the exponent setting.
Let us also mention that one can study more general growth conditions for A functions, e.g. require
|ξ| 2 for some κ > 0 and an analogous assumption for the upper bound, see for instance Fan [12] and Harjulehto-Hästö-Lê-Nuortio [14] . However, such assumptions lead to unhandy forms of the Caccioppoli-type estimates and, in turn, to tedious technical discussions for Liouville theorems. Therefore, for the sake of simplicity of the presentation we focus on the case with κ = 0. 
Liouville theorems for A-harmonic functions
In this section we study the Liouville-type theorems for A-harmonic equations with the right-hand side zero, i.e. for equations as in Definition 3 with B ≡ 0. Let us discuss our results in the context of studies previously done for Liouville theorems in the setting of elliptic equations. In the case of p = const operators A as in Definition 2 have been investigated by e.g. Mitidieri-Pokhozaev, see condition (11) in [20] . Results of our Theorems 4, 5 and Corollary 1 partially generalize Theorem 2 and Corollary 2 in [20] . There u is assumed to be nonnegative, while we assume that u is bounded. On the other hand, we impose the growth conditions for the exponent p only on annuli. For the similar studies in the constant exponent case we refer to e.g. Theorems 1 and 2 in Serrin [24] and Theorem 3.2 in D'Ambrosio [3] . One can also wider a context of our discussion by noticing that the Liouville property for A-harmonic operators of the p-harmonic type is equivalent to the p-parobolicity of R n , cf. Theorem 5.4 in Holopainen-Pankka [17] and discussion therein in the setting of manifolds. Let us start our discussion with an example showing that already in the relatively simple case of p(·)-harmonic functions on the real line R the Liouville theorem may not hold. 
Then u is a nonconstant bounded p(·)-harmonic function in R. Indeed, u ∈ C 1 (R) and so, in particular,
One can check by direct computations that the above exponential function satisfies the p(·)-harmonic equation.
Observe that p(x) > 1 for all x ∈ R, but p − = inf x∈R p(x) = 1. This is a reflection of the well-known phenomenon in the theory of variable exponent equations that several theorems may break if we allow p − = 1, cf. discussion in Section II.3 of Harjulehto-Hästö-Lê-Nuortio [14] . However, see Corollary 1 below.
The following auxiliary result is well-known. For the convenience of readers and sake of completeness we recall its proof.
Lemma 1 (The Caccioppoli inequality for A-harmonic equations). Let u be a subsolution to an A-harmonic equation in a domain Ω ⊂ R n for A-functions as in Definition 3. Then for 0 < r < R and c ≤ inf Ω u we have that
Furthermore, if u is an A-harmonic solution in Ω, then c can be any real number.
Proof. Let 0 < r < R and let η ∈ C ∞ 0 (Ω) be such that η| Br = 1 with supp η ⊂ B R and |∇η|
We use φ as a test function in (3) for a subsolution u and, upon using the lower and upper bounds of A, cf. Definition 2, we get the following inequality:
Upon employing the Young inequality for some 0 < ǫ < 1, we get the following estimate of the term on the right-hand side of (5):
Take ǫ = a− 2p + b + and include the |∇u|-term on the right-hand side into the left-hand side of (5). Finally, we use the growth assumption on |∇η| to get the assertion of the lemma.
We begin the presentation of Liouville-type theorems with the following result. The most relevant example of differential operators satisfying assumptions of our theorems is provided by A(x, u, ∇u) = |∇u(x)| p(x)−2 ∇u(x).
Theorem 4. Suppose that there exists δ > 0 and a divergence increasing sequence
Proof. Suppose that |u| ≤ M in R n . Using the Caccioppoli inequality (4) with R = 2R k and r = R k we get for R k > 1:
Let k → ∞ in the above inequality, then we conclude:
Hence ∇u = 0 a.e. and u = const.
In the next theorem we again impose the growth assumption on the variable exponent on annuli, but we do not require p − > n. Instead, we need the global integrability for the gradient of A-harmonic functions.
Theorem
If u is an A-harmonic function in R n and satisfies R n |∇u| p(x) < ∞, then u ≡ const.
Proof of Theorem 5. First, we use the Caccioppoli inequality (4) with c = u
u and obtain the following:
Then the q-Poincaré inequality (1) used on sets B 2R k \ B R k gives us that
Hence, by using the so-called filling holes techniques we obtain
Let k → ∞, then we get the contradiction R n |∇u| p(x) < R n |∇u| p(x) unless R n |∇u| p(x) = 0. Then u is constant and the proof is completed.
Open problem 1. In Theorem 5 we allow a variable exponent p to take only one fixed value q on annuli. It would be interesting to study the case when one allows possibly different values q k ∈ [1, p + ] on each annuli. This however leads to a problem whether the sequence of constants {C(n, p
, arising in the proof of Theorem 5 from the q-Poincaré inequalities, is uniformly bounded. According to our best knowledge such a bound is not known in the literature, largely due to the fact that annuli are not convex sets.
If in the previous result we assume additionally that q ≥ n, then the global integrability of the gradient follows. Hence, Theorem 5 implies the following result.
Corollary 1. Under the assumptions of Theorem 5 let additionally variable exponent
Proof. We show that our assumptions imply that R n |∇u| p(x) < ∞ whenever u is bounded. Indeed, let |u| ≤ M in R n . We proceed as in the proof of Theorem 4 and by using the Caccioppoli inequality (4) together with the bounds for p we obtain for R k > 1 the following estimate:
Since the upper bound does not depend on k and holds uniformly for all R k > 1, we get that R n |∇u| p(x) < ∞. Then Theorem 5 implies that u ≡ const.
In the next theorem we study the case of p − < n. Then, one needs stronger assumptions on the growth of A-harmonic functions in order for the Liouville principle to hold. Theorem 6. Let n ≥ 2 and p be a bounded variable exponent on R n such that p − < n. Suppose that α ∈ R is such that α > n p − − 1. Suppose that there exists a divergence increasing sequence
Proof. We proceed similarly to the proof of Theorem 4 and by applying the Caccioppoli inequality (4) with c = 0 we get for R k > max{1, sup R n u}
Lemma 1 implies also a variant of the famous Phragmén-Lindelöf theorem. Theorems of such type have been intensively studied both in the setting of linear PDEs and for nonlinear ones, including the p-harmonic case, see Lindqvist [18] ; see also Adamowicz [2] for similar studies in the setting of variable exponent PDEs.
Corollary 2. Let u be an A-harmonic in R n for A with nonstandard growth as in Definition 2. Suppose that there exist a constant C > 0 and an increasing unbounded sequence of radii {R k } ∞ k=1 such that u satisfies the following growth condition for all x ∈ B 2R k \ B R k starting from some R k > 1:
Then u is constant.
Remark 7.
If p − = p + = p = const, then the growth assumption holds for α < 1 − n p . In the special case of harmonic functions (i.e. p = n = 2) or n-harmonic functions (i.e. p = n), this gives us that α must satisfy α < 0. Similarly, for p-harmonic functions we get for p ≥ n 2 that α ≤ −1. Suppose now that the entire p-harmonic function u ≡ const and α < 1 − n p . Then the corollary implies that lim inf R→∞ |u(x)| |x| α > C. In particular, by taking α = −1 we retrieve the growth condition from the Phragmén-Lindelöf theorem.
Proof of Corollary 2. We apply Lemma 1 with c = 0, R = 2R k and r = R k together with the growth assumption on u and get the following inequality for R k > 1:
From this, the assertion of the corollary follows immediately, since letting R k → ∞ we obtain that R n |∇u| p(x) = 0 and so u is constant.
Open problem 2. We have seen in Example 1 that the Liouville theorem may not hold if p − = 1. Furthermore, in Theorems 4 and 5 we need to restrict the range of p(·). On the other hand, if p = const, then the Liouville theorem holds for p-harmonic functions for any 1 < p < ∞. Hence, it is natural to state the following problem. If we only assume that p ∈ P log (R n ) and p − > 1, determine whether the Liouville theorem holds for p(·)-harmonic functions. And more general, under what general conditions on the exponent p(·) does the Liouville theorem hold for p(·)-harmonic functions?
Liouville theorems for (A, B)-harmonic functions
The goal of this section is to study the Liouville principle for nonhomogeneous equations. First, we present a variant of Caccioppoli inequality for positive solutions of (A, B)-harmonic equations.
Lemma 2. Let u > 0 be a bounded (A, B) -harmonic function in a domain Ω ⊂ R n for A-and B-functions as in Definition 3. Then for 0 < r < R and γ < 0 we have that
where constant (Ω):
We use φ as a test function in (3) for a solution u and, upon using the lower and upper bounds of A, cf. Definition 2, we get the following inequality:
Upon employing the Young inequality for some 0 < ǫ < 1, we get the following estimate of the first term on the right-hand side of (7):
Take ǫ = a−|γ| 2p + b + and include the |∇u|-term on the right-hand side into the left-hand side of (7). Finally, we use the growth assumption on |∇η| to conclude the assertion of the lemma.
In the next theorem we study an example of the general condition imposed on the right-hand side of an (A, B)-harmonic equation implying the Liouville theorem. Theorem 9. Suppose that there exist δ > 0, γ < 0 and a divergence increasing sequence
Additionally, let us assume that B(·, u(·), ∇u(·))u(·) γ ∈ L 1 (R n ) as a function of x ∈ R n and satisfies the following integral condition:
is some divergence increasing sequence and δ, γ > 0. Assume that R n c(x)dx = 0 and c ≡ 0, then the following equation has no positive bounded entire solutions:
Indeed, if u > 0 is a bounded solution to the above equation, then by virtue of Theorem 9 we get that u = const. Thus, since A(x, t, 0) = 0 we obtain
and we get the contradiction with c ≡ 0.
Proof of Theorem 9. Suppose that |u| ≤ M in R n . Using the Caccioppoli inequality (6) with R = 2R k and r = R k we get for R k > 1:
Let k → ∞ in the above inequality to conclude that:
Liouville theorems for inequalities of type divA(x, u, ∇u) ≥ B(x, u, ∇u). Nonexistence results
In this section we study the special cases of functions B for (A, B)-harmonic equations and inequalities as in (3), cf. Definition 3. First, we investigate B = f (u), then the Riccati-type inequalities with B = f (|∇u|). For both forms of B we obtain the Liouville type theorems and nonexistence results for supersolutions.
We begin with the case B = f (u). Let A be a differential operator as in Definition 2 and f : R → R + be a nonnegative continuous function. We
for all nonnegative test functions φ ∈ C ∞ 0 (R n ). In the context of A-harmonic equations with p-growth for p = const, differential inequality (8) has been studied e.g. by D'Ambrosio [3] , see Definition 3.1 and conditions (3.16)-(3.17).
Example 3.
A typical function f studied in (8) is f (t) = ct q for a constant c and q > 0, see e.g. D'AmbrosioMitidieri [5, 6] , Filippucci [13] and their references.
Theorem 10. Let p − > n. Suppose that u is a bounded supersolution of (8) in R n and that there exists exactly one t ∈ R such that f (t) = 0. Then u is constant.
Example 4. Let f : R → R + be a nonnegative continuous function and assume additionally that f is strictly convex or strictly monotone with one zero in R. Then f satisfies assumptions of Theorem 10.
Remark 11. Theorem 10 partially extends Theorem 3.13 in D'Ambrosio [3] in the following sense. We assume u to be bounded, not necessary u ≥ 0 and allow f to be a strictly convex function, not necessary in the form f (u) = u q as in [3] . Also, for us u need not be a solution (just a supersolution). Moreover, Theorem 10 corresponds to Theorem 3.1 in [6] in the case p > n. There, u is a nonnegative solution whereas we allow u to be a bounded supersolution. For us f ≥ 0, while condition (3.1) in [6] allows f to change sign. 
Direct computations show that
The constant α arises from the boundedness of the variable exponent p, while u . As for the constant β > 0, one needs to notice that the above logarithmic expression is bounded.
Since in Theorem 10 it is assumed that p − > n, the function on the right-hand side of (9) is negative.
Proof of Theorem 10. By the definition of supersolutions, u ∈ W 1,p(·) loc (R n ) and since p − > n, then the embedding theorem for variable exponent Sobolev spaces allows us to choose the Hölder continuous representative of u, see e.g. Diening-Harjulehto-Hästö-Růžička [9, Theorem 8.3.8] . We denote such a representative again by u.
Let R > 1 and φ ∈ C ∞ 0 (R n ) be nonnegative with support in a ball B 2R and such that φ ≡ 1 in B R . Similarly to previous results we also assume that |∇φ| ≤ c R . Using weak formulation (8), growth assumptions on operator A (cf. Definition 2) and the Young inequality we obtain the following estimate:
Since f and φ are nonnegative, we have from (8) that u is in particular a subsolution to A-harmonic equation and thus u satisfies Lemma 1. We apply it for c = inf R n u and radii 2R and 3R and use in (10) to arrive at the following inequality:
Suppose that u ≤ M . This and the decay condition on |∇φ| imply that
Letting R → ∞ we get that R n f (u) = 0, and thus f (u(x)) ≡ 0 for all x ∈ R n . Since f vanishes exactly at t, it holds that u ≡ t and, hence, the proof is completed.
From the proof of Theorem 10 we infer the following non-existence results for inequalities of type (8) .
Corollary 3. Let p − > n. Consider inequality (8) with f strictly convex and such that f (t) = 0 for all t ∈ R. Then, there exists no bounded supersolution of (8).
Proof. Suppose on the contrary, that there exists M > 0 such that a supersolution u satisfies |u| ≤ M in R n . Then we follow the steps of the proof for Theorem 10 and get that f (u(x)) ≡ 0 for all x ∈ R n leading to the contradiction with the assumption that f = 0 in R n .
As a matter of fact the stronger result holds.
Corollary 4. Let p − > n. Consider inequality (8) with f strictly increasing and f (0) = 0. Then there exists no bounded supersolution of (8).
Proof. As in the proof of Corollary 3 we proceed by assuming that a bounded supersolution exists and obtain that f (u(x)) ≡ 0 for all x ∈ R n . Since f cannot attain value zero, we reach the contradiction with the boundedness assumption and hence complete the proof of the corollary.
Remark 12. Corollaries 3 and 4 correspond to Theorem 3.4 in D'Ambrosio-Mitidieri [6] . There, the fact that f does not attain value 0 is a necessary condition for the existence of entire solutions to div(|∇u| p−2 ∇u) ≥ f (u), under additional assumptions on f . See also [6, Theorem 3.13] for the setting of A-harmonic supersolution.
Similarly to Corollary 2 we obtain a variant of Theorem 10 where instead of the boundedness assumption on u we impose the growth condition. Then u is constant.
Proof. The reasoning follows the steps of the proof of Theorem 10 with modifications related to substituting the supremum estimate of |u| by the growth condition. In a consequence, the first integral on the right-hand side of (11) involves 1 R p − R αp + +n and instead of (12) we get:
Letting R → ∞ we get that under the assumptions on p − and α it holds that BR f (u) = 0. Hence f (u(x)) ≡ 0 for all x ∈ R n . Since f is strictly convex and vanishes at x 0 , it vanishes exactly at x 0 . This implies that u = const and the proof is completed.
We will now discuss the case of supersolutions to the Riccati type equations. A typical example of such equations is divA(x, ∇u) = a(x)|∇u| q ,
where A is of p-harmonic type and q is often assumed to satisfy some additional conditions, such as p−1 < q ≤ p or q > p, see e.g. Martio [19] or Phuc [21] for further discussion and references. Let f : R + → R be continuous and suppose that B = f (|∇u|) satisfies the following inequality for a given variable exponent q ≥ 1 in Ω:
for all x in the domain of |∇u| and measurable functions c and d bounded, respectively, from below by c − > 0 and from above by d + > 0 with c + < d − . Filippucci [13] studied the similar problems for f (x, z, ξ) ≥ a(x)z q |ξ| θ with q > 0 and special form of operators A, cf. Theorem 3.1 in [13] . We let R → ∞ and get that R n |∇u| q(x) = 0. Hence u = const.
